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CHARACTERIZATION OF k−SMOOTHNESS OF OPERATORS
DEFINED BETWEEN INFINITE-DIMENSIONAL SPACES
ARPITA MAL, SUBHRAJIT DEY AND KALLOL PAUL
Abstract. We characterize k−smoothness of bounded linear operators de-
fined between infinite-dimensional Hilbert spaces. We study the problem in
the setting of both finite and infinite-dimensional Banach spaces. We also
characterize k−smoothness of operators on some particular spaces, namely
L(X, ℓn
∞
), L(ℓ3
∞
,Y), where X is a finite-dimensional Banach space and Y is
a two-dimensional Banach space. As an application, we characterize extreme
contractions on L(ℓ3
∞
,Y), where Y is a two-dimensional polygonal Banach
space.
1. Introduction
The problem of characterizing k−smooth operators defined between arbitrary
Banach or Hilbert spaces is relatively new but an important area of research in
the field of geometry of Banach spaces. There are several papers including [3,
4, 7, 8, 9, 16] that contain the study of k−smoothness of operators on different
spaces. In this paper, our objective is to study the k−smoothness of bounded linear
operators defined between infinite-dimensional spaces. We first fix the notations
and terminologies to be used throughout the paper.
Let X, Y denote Banach spaces and H denote Hilbert space. Throughout the
paper we assume that the spaces are real unless otherwise mentioned. The unit
ball and the unit sphere of X are denoted by BX and SX respectively, i.e., BX =
{x ∈ X : ‖x‖ ≤ 1}, SX = {x ∈ X : ‖x‖ = 1}. The space of bounded (compact)
linear operators between X and Y is denoted by L(X,Y) (K(X,Y)). If X = Y, then
we write L(X,Y) := L(X) and K(X,Y) := K(X). X∗ denote the dual space of X.
An element x ∈ SX is said to be an extreme point of the convex set BX if and only
if x = (1 − t)y + tz for some y, z ∈ BX and t ∈ (0, 1) implies that y = z = x.
The set of all extreme points of BX is denoted by Ext(BX). For x, y ∈ X, let
L[x, y] = {tx + (1 − t)y : 0 ≤ t ≤ 1} and L(x, y) = {tx + (1 − t)y : 0 < t < 1}.
A Banach space X is said to be a strictly convex Banach space if every element
of the unit sphere SX is an extreme point of the unit ball BX, equivalently, X is
said to be a strictly convex Banach space, if the unit sphere of X does not contain
non-trivial straight line segment. A face E of a convex set C is said to be an edge
if for each z ∈ E, there exist extreme points x, y in C such that z ∈ L[x, y]. An
element x∗ ∈ SX∗ is said to be a supporting linear functional of x ∈ SX, if x∗(x) = 1.
For a unit vector x, let J(x) denote the set of all supporting linear functionals of x,
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i.e., J(x) = {x∗ ∈ SX∗ : x∗(x) = 1}. By the Hahn-Banach Theorem, J(x) 6= ∅, for
all x ∈ SX. We would like to note that J(x) is a weak*-compact convex subset of
SX∗ . The set of all extreme points of J(x) is denoted by Ext J(x), where x ∈ SX.
A unit vector x is said to be a smooth point if J(x) is singleton. X is said to be a
smooth Banach space if every unit vector of X is smooth.
In 2005, Khalil and Saleh [7] generalized the notion of smoothness and introduced
the notion of multi-smoothness or k−smoothness depending on the “size” of J(x).
An element x ∈ SX is said to be k−smooth or the order of smoothness of x is k, if
J(x) contains exactly k linearly independent supporting linear functionals of x. In
other words, x is k−smooth, if dim span J(x) = k. Moreover, from [8, Prop. 2.1],
we get that x is k−smooth, if k = dim span Ext J(x). Similarly, T ∈ L(X,Y) is said
to be k−smooth operator, if k = dim span J(T ) = dim span Ext J(T ). Observe
that, 1−smooth points of SX are actually the smooth points of SX. In our study, the
norm attainment set of an operator plays an important role which will be clear in
due time. The norm attainment set of T, denoted asMT , is defined as the collection
of all unit vectors x at which T attains its norm, i.e.,MT = {x ∈ SX : ‖Tx‖ = ‖T ‖}.
The notion of k−smoothness has a nice connection with extreme contraction which
will be explored later. An operator T ∈ L(X,Y) is said to be an extreme contraction,
if T is an extreme point of the unit ball of L(X,Y). A two-dimensional Banach
space X is said to be a polygonal Banach space, if BX contains only finitely many
extreme points. Equivalently, a two-dimensional Banach space X is a polygonal
Banach space, if BX is a polygon.
From [8, Th. 3.8], we know that there is a large class of Banach spaces which
does not contain k−smooth point, where k ∈ N. The papers [3, 4, 7, 8, 9, 16] contain
extensive study on multi-smoothness in Banach space and in operator space. In
[16, Th. 2.4] Wo´jcik studied k−smoothness of compact operators defined between
complex (real) Hilbert spaces. In this paper, we obtain a complete characteriza-
tion of k−smoothness of bounded linear operators defined between complex (real)
Hilbert spaces. We prove that a bounded linear operator T defined on a complex
(real) Hilbert space H is n2−smooth (
(
n+1
2
)
−smooth) if and only if MT = SH0 ,
where dim(H0) = n and ‖T ‖H⊥
0
< ‖T ‖. Moving onto Banach spaces, the complete
characterization of k−smooth operators defined between arbitrary Banach spaces is
still not known, in fact it is elusive even for finite-dimensional Banach spaces. In [9],
the authors characterized the k−smoothness of a bounded linear operator defined
between two-dimensional Banach spaces. In this paper, we continue our study in
this direction and obtain sufficient conditions for k−smoothness of bounded linear
operators defined between infinite-dimensional Banach spaces. We also obtain a
relation between the order of smoothness of the operators T and T ∗, where T is
defined between finite-dimensional Banach spaces and T ∗ is the adjoint of T . Using
this relation, we characterize the order of smoothness of an operator defined from a
finite-dimensional Banach space to ℓn∞, (n ∈ N). We also obtain a characterization
of the order of smoothness of T ∈ L(ℓ3∞,Y), where Y is a two-dimensional Banach
space. As an application of this result, we characterize the extreme contractions on
the space L(ℓ3∞,Y), where Y is a two-dimensional polygonal Banach space.
We state the following lemma [17, Lemma 3.1], characterizing Ext J(T ), which
will be used often.
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Lemma 1.1. [17, Lemma 3.1] Suppose that X is a reflexive Banach space. Sup-
pose that K(X,Y) is an M−ideal in L(X,Y). Let T ∈ L(X,Y), ‖T ‖ = 1 and
dist(T,K(X,Y)) < 1. Then MT ∩Ext(BX) 6= ∅ and
Ext J(T ) = {y∗ ⊗ x ∈ K(X,Y)∗ : x ∈MT ∩ Ext(BX), y
∗ ∈ Ext J(Tx)},
where y∗⊗x : K(X,Y)→ R is defined by y∗⊗x(S) = y∗(Sx) for every S ∈ K(X,Y).
We end this section with the following definition: A subspace M of a Banach
space X is said to be an M−ideal if there exists a projection P on X∗ such that
P (X∗) = {x∗ ∈ X∗ : x∗(m) = 0 ∀ m ∈M} and for all x∗ ∈ X∗,
‖x∗‖ = ‖P (x∗)‖+ ‖x∗ − P (x∗)‖.
It is well known that for a Hilbert space H, K(H) is an M−ideal in L(H) and for
each 1 < p < ∞, K(ℓp) is an M−ideal in L(ℓp). Interested readers are referred to
[5] for more information in this topic.
2. k−smoothness of operators defined on Hilbert spaces
We begin this section with the study of k−smooth operators defined between ar-
bitrary Hilbert spaces. We use the notion of Birkhoff-James orthogonality to prove
the theorem. Recall that, for x, y ∈ X, x is said to be Birkhoff-James orthogonal
[1, 6] to y, written as x ⊥B y, if ‖x + λy‖ ≥ ‖x‖ for each scalar λ. Similarly, for
T,A ∈ L(X,Y), we say that T ⊥B A if ‖T + λA‖ ≥ ‖T ‖ for each scalar λ.
Theorem 2.1. Let H1,H2 be Hilbert spaces. Let T ∈ SL(H1,H2) be such that
MT = SH0 , where H0 is a finite-dimensional subspace of H1 with dim(H0) = n
and ‖T ‖H⊥
0
< 1. Then T is n2−smooth, if H1,H2 are considered to be complex and
it is
(
n+1
2
)
−smooth, if the spaces are considered to be real.
Proof. We claim that dist(T,K(H1,H2)) < 1. If possible, suppose that this is not
true. Then for every S ∈ K(H1,H2), dist(T, Span{S}) ≥ dist(T,K(H1,H2)) ≥ 1,
i.e., for every scalar λ, ‖T−λS‖ ≥ dist(T, Span{S}) ≥ 1. Therefore, T ⊥B S. Define
S : H → H by Sx = Tx whenever x ∈ H0 and Sx = 0, whenever x ∈ H⊥0 . Then
clearly, S ∈ K(H1,H2), since H0 is finite-dimensional. Hence, T ⊥B S. By [12, Th.
3.1], there exists x ∈MT = SH0 such that Tx ⊥ Sx, i.e., Tx ⊥ Tx, a contradiction.
This establishes our claim. We note that K(H1,H2) is an M−ideal in L(H1,H2)
and dist(T,K(H1,H2)) < 1, so by Lemma 1.1, Ext(J(T )) = {y∗⊗x : x ∈MT , y∗ ∈
Ext(J(Tx))}, where y∗ ⊗ x(S) = y∗(Sx) = 〈Sx, Tx〉 for every S ∈ L(H1,H2). So
we can write Ext(J(T )) = {x ⊗ Tx : x ∈ MT }, where x ⊗ Tx(S) = 〈Sx, Tx〉 for
every S ∈ L(H1,H2).
Suppose that {e1, e2, . . . , en} is an orthonormal basis of H0. Assume that H1,H2
are complex Hilbert spaces. Then
dim span Ext(J(T ))
= dim span {x⊗ Tx : x ∈MT }
= dim span
{ n∑
i,j=1
aiajei ⊗ Tej :
n∑
i=1
|ai|
2 = 1
}
= dim span {ei ⊗ Tej : 1 ≤ i, j ≤ n}
= n2.
4 ARPITA MAL, SUBHRAJIT DEY AND KALLOL PAUL
Next assume that the Hilbert spaces are real, then
dim span Ext(J(T ))
= dim span
{ n∑
i,j=1
aiajei ⊗ Tej :
n∑
i=1
|ai|
2 = 1
}
=
(
n+ 1
2
)
.
Thus, T is n2−smooth, ifH1,H2 are considered to be complex and it is
(
n+1
2
)
−smooth,
if the spaces are considered to be real. 
Noting that for a compact operator T, dist(T,K(H1,H2)) = 0 < 1, we get the
following corollary which provides a sufficient condition for the k−smoothness of a
compact operator [16, Th. 2.4] defined between Hilbert spaces.
Corollary 2.2. Let H1,H2 be Hilbert spaces. Let T ∈ SK(H1,H2) be such that
MT = SH0 , where H0 is a finite-dimensional subspace of H1 with dim(H0) = n.
Then T is n2−smooth, if H1,H2 are considered to complex and it is
(
n+1
2
)
−smooth,
if the spaces are considered to be real.
Next we show that the conditions mentioned in Theorem 2.1 are necessary for
k−smoothness. To do so, we need the following theorem on Birkhoff-James orthog-
onality for complex Hilbert spaces, in case of real Hilbert spaces analogous theorem
can be obtained from [11, Th. 3.2].
Theorem 2.3. Let H1,H2 be complex Hilbert spaces. Let T ∈ SL(H1,H2) be such
that dist(T,K(H1,H2)) < 1. Then for A ∈ L(H1,H2), T ⊥B A if and only if there
exists x ∈MT such that Tx ⊥ Ax.
Proof. If there exists x ∈ MT such that Tx ⊥ Ax, then it is easy to observe that
T ⊥B A. Conversely, suppose that T ⊥B A. Then by [15, Th. 1.1, Page 170],
there exists λi ≥ 0, fi ∈ Ext J(T ) for 1 ≤ i ≤ 3 such that λ1 + λ2 + λ3 = 1 and
(λ1f1+λ2f2+λ3f3)(A) = 0. By Lemma 1.1, there exists xi ∈MT , y∗i ∈ Ext J(Txi)
for 1 ≤ i ≤ 3 such that fi = y∗i ⊗ xi. Since Txi is smooth, it is easy to observe that
y∗i ⊗ xi(A) = 〈Axi, T xi〉. Thus,
3∑
i=1
λifi(A) = 0
⇒
3∑
i=1
λiy
∗
i ⊗ xi(A) = 0
⇒
3∑
i=1
λi〈Axi, T xi〉 = 0.(2.1)
Consider the setW = {〈Ax, Tx〉 : x ∈ SH0} = {〈Ax, Tx〉 : x ∈MT }. Since H0 is
a subspace of H1, following the idea of [2, Th. 1], it can be easily verified that the
set W is convex. Now, it follows from (2.1) that 0 is in the convex hull of W, i.e.,
0 ∈ W. Therefore, there exists x ∈ MT such that 〈Ax, Tx〉 = 0 and so Tx ⊥ Ax.
This completes the proof of the theorem. 
Now, we are ready to prove our desired theorem.
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Theorem 2.4. Let H be a separable complex Hilbert space and T ∈ SL(H). Then T
is n2−smooth if and only if MT = SH0 , where H0 is a finite-dimensional subspace
of H with dim(H0) = n and ‖T ‖H⊥
0
< 1.
In case the Hilbert space is real then the result still holds good with n2−smoothness
replaced by
(
n+1
2
)
−smoothness.
Proof. First suppose that H is complex Hilbert space. The sufficient part of the
theorem follows from Theorem 2.1. We only prove the necessary part. Suppose that
T is n2−smooth. Since H is separable, by [8, Th. 3.8], L(H)/K(H) has no operator
whose order of smoothness is finite. Hence, by [8, Remark 3.7], dist(T,K(H)) < 1.
Thus, by Lemma 1.1, MT 6= ∅. From [13, Th. 2.2], we get MT = SH0 for some
subspace H0 of H. Now, let A ∈ L(H) be such that T ⊥B A. Then using Theorem
2.3, we get x ∈ MT such that Tx ⊥ Ax. Thus, by [12, Th. 3.1], H0 is a finite
dimensional subspace of H and ‖T ‖H⊥
0
< 1. Let dim(H0) = k. Then from Theorem
2.1, we get T is k2−smooth. Therefore, k2 = n2, i.e., k = n. Thus, dim(H0) = n.
The proof of the theorem for real Hilbert space follows similarly using [11, Th.
3.2]. 
3. k−smoothness of operators defined on Banach spaces
In this section, we study k−smoothness of operators defined between Banach
spaces. We begin with the following simple lemma, the proof of which is given for
the sake of completeness.
Lemma 3.1. Suppose X,Y are Banach spaces. If {x1, x2, . . . , xm} and {y
∗
1 , y
∗
2 ,
. . . , y∗n} are linearly independent subsets of X and Y
∗ respectively, then {y∗i ⊗ xj :
1 ≤ i ≤ n, 1 ≤ j ≤ m} is a linearly independent subset of L(X,Y)∗.
Proof. Let cij be scalars such that
∑
1≤i≤n,1≤j≤m
cijy
∗
i ⊗ xj = 0.(3.1)
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Choose y ∈ Y, φ ∈ X∗. Define S ∈ L(X,Y) by Sx = φ(x)y for all x ∈ X. Now, from
(3.1) we get, ∑
1≤i≤n,1≤j≤m
cijy
∗
i ⊗ xj(S) = 0
⇒
∑
1≤i≤n,1≤j≤m
cijy
∗
i S(xj) = 0
⇒
∑
1≤i≤n,1≤j≤m
cijφ(xj)y
∗
i (y) = 0
⇒ φ
( ∑
1≤i≤n,1≤j≤m
cijxjy
∗
i (y)
)
= 0
⇒
∑
1≤i≤n,1≤j≤m
cijxjy
∗
i (y) = 0, (since φ ∈ X
∗ is arbitrary)
⇒
∑
1≤i≤n
cijy
∗
i (y) = 0 for all 1 ≤ j ≤ m
⇒
∑
1≤i≤n
cijy
∗
i = 0 (since y ∈ Y is arbitrary)
⇒ cij = 0 for all 1 ≤ j ≤ m, 1 ≤ i ≤ n.
Thus, {y∗i ⊗ xj : 1 ≤ i ≤ n, 1 ≤ j ≤ m} is a linearly independent subset of
L(X,Y)∗. 
We are in a position to prove the following theorem which gives a sufficient con-
dition for k−smoothness of operators defined between infinite dimensional Banach
spaces, which improves on [9, Th. 2.2].
Theorem 3.2. Suppose X is a reflexive Banach space and Y is an arbitrary Ba-
nach space. Let K(X,Y) be an M−ideal in L(X,Y). Suppose that T ∈ SL(X,Y)
is such that dist(T,K(X,Y)) < 1 and MT ∩ Ext(BX) = {±x1,±x2, . . . ,±xr},
where {x1, x2, . . . , xr} is linearly independent in X. Let Txi be mi−smooth for each
1 ≤ i ≤ r. Then T is k−smooth, where m1 +m2 + . . .+mr = k.
Proof. Since Txi is mi−smooth, we have, mi = dim span Ext J(Txi), for each
1 ≤ i ≤ r. Let {y∗ij ∈ Ext J(Txi) : 1 ≤ j ≤ mi} be a basis of span Ext J(Txi)
for each 1 ≤ i ≤ r. Using similar arguments as in Lemma 3.1, it can be shown that
{y∗ij ⊗ xi : 1 ≤ i ≤ r, 1 ≤ j ≤ mi} is linearly independent. Now, using Lemma 1.1,
we get,
span Ext J(T )
= span {y∗ij ⊗ xi : y
∗
ij ∈ Ext J(Txi), 1 ≤ i ≤ r}
= span {y∗ij ⊗ xi : 1 ≤ i ≤ r, 1 ≤ j ≤ mi}.
Therefore, dim span Ext J(T ) = m1+m2+ . . .+mr. Thus, T is k−smooth, where
k = m1 +m2 + . . .+mr. This completes the proof of the theorem. 
The following corollary now easily follows from Theorem 3.2. Once again, we
recall that K(ℓp) is an M−ideal in L(ℓp), where 1 < p <∞.
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Corollary 3.3. Let T ∈ SL(ℓp), where 1 < p <∞. Suppose that dist(T,K(ℓp)) < 1
and MT = {±x1,±x2, . . . ,±xk}, where {x1, x2, . . . , xk} is linearly independent in
ℓp. Then T is k−smooth.
Proof. For 1 < p < ∞, ℓp is strictly convex, smooth space. Hence, xi ∈ Ext(Bℓp)
and Txi is smooth for each 1 ≤ i ≤ k. Thus, by Theorem 3.2, T is k−smooth. 
Now, we exhibit an easy example to show that the converse of Corollary 3.3 is
not true, i.e., there exists k−smooth operator T ∈ L(ℓp) such that MT is not of the
form {±x1,±x2, . . . ,±xk}, where {x1, x2, . . . , xk} is linearly independent in ℓp.
Example 3.4. Consider the operator T ∈ L(ℓp), (1 < p <∞) defined by T (
∑
i aiei)
= a1e1 + a2e2, where {ei : i ∈ N} is the canonical basis of ℓp. Then MT =
span{e1, e2}. Let x = ae1+be2, where a, b 6= 0. Then x ∈MT and so by Lemma 1.1,
e∗1⊗e1, e
∗
2⊗e2, x
∗⊗x ∈ Ext J(T ). Now, it is easy to show that {e∗1⊗e1, e
∗
2⊗e2, x
∗⊗x}
is linearly independent. Therefore, T is k−smooth, where k ≥ 3. But MT does not
contain 3 linearly independent vectors.
Remark 3.5. Example 3.4 illustrates the fact that one part of the Theorem [7, Th.
2.3], namely (i)⇒ (ii), is not correct and Theorem 3.2 improves on the other part
of the same theorem.
Next, we study the k−smoothness of bounded linear operator T for which MT ∩
Ext(BX) may contain contain linearly dependent vectors.
Theorem 3.6. Let X be a reflexive Banach space and Y be a finite-dimensional
Banach spaces with dim(Y) = m. Let T ∈ SL(X,Y) be such that {x1, x2, . . . , xr} ⊆
MT ∩ Ext(BX) ⊆ span{x1, x2, . . . , xr}, where {x1, x2, . . . , xr} is linearly indepen-
dent. Suppose Txi is m−smooth for i = 1, 2, . . . , r. Then T is mr−smooth.
Proof. For each 1 ≤ i ≤ r, Txi is m−smooth. Suppose {y
∗
ij : 1 ≤ j ≤ m} is a
linearly independent subset of Ext J(Txi) for each 1 ≤ i ≤ r. We first show that
dim span J(T ) ≤ mr. Since Y is finite-dimensional, L(X,Y) = K(X,Y). Hence,
T is compact operator and K(X,Y) is trivially an M−ideal in L(X,Y). Thus, by
Lemma 1.1,
Ext J(T ) = {y∗ ⊗ x ∈ K(X,Y)∗ : x ∈MT ∩ Ext(BX), y
∗ ∈ Ext J(Tx)}.
Let x ∈ MT ∩ Ext(BX). Then there exist scalars ci, i = 1, 2, ..., r such that x =
c1x1+c2x2+ ...+crxr. Now, let y
∗ ∈ Ext J(Tx). Since {y∗1j : 1 ≤ j ≤ m} is linearly
independent, and hence forms a basis of Y∗, there exist scalars dj (1 ≤ j ≤ m) such
that y∗ =
∑
1≤j≤m djy
∗
1j . Thus,
y∗ ⊗ x = y∗ ⊗ (c1x1 + c2x2 + ...+ crxr)
=
( ∑
1≤j≤m
djy
∗
1j
)
⊗
( ∑
1≤i≤r
cixi
)
=
∑
1≤i≤r,1≤j≤m
cidjy
∗
1j ⊗ xi
∈ span{y∗1j ⊗ xi : 1 ≤ i ≤ r, 1 ≤ j ≤ m}.
8 ARPITA MAL, SUBHRAJIT DEY AND KALLOL PAUL
Since x ∈ MT ∩ Ext(BX) and y∗ ∈ Ext J(Tx) are arbitrary, we have Ext J(T ) ⊆
span{y∗1j ⊗ xi : 1 ≤ i ≤ r, 1 ≤ j ≤ m}. Now,
dim span Ext J(T )
≤ dim span {y∗1j ⊗ xi : 1 ≤ i ≤ r, 1 ≤ j ≤ m}
= mr, (by Lemma 3.1).
Therefore, T is k−smooth, where k ≤ mr. Now, y∗ij ⊗ xi ∈ Ext J(T ) for all
1 ≤ i ≤ r, 1 ≤ j ≤ m. Using similar arguments as in Lemma 3.1, it can be shown
that {y∗ij ⊗ xi : 1 ≤ i ≤ r, 1 ≤ j ≤ m} is linearly independent subset of Ext J(T ).
Thus, dim span Ext J(T ) ≥ mr, i.e., k ≥ mr. Therefore, k = mr and T is
mr−smooth. This completes the proof of the theorem. 
To illustrate the usefulness of Theorem 3.6 we cite the following example for
which k−smoothness of the operator can not be obtained using Theorem 3.2 or [9,
Th. 2.2] but can be obtained using above theorem.
Example 3.7. Let X = ℓ4∞ and Y be a two-dimensional Banach space such that
BY is the convex hull of {±(2, 1),±(2,−1)}. Define T ∈ L(X,Y) by T (x, y, z, w) =
(y + w, x). Then
MT ∩Ext(BX) = {±(1, 1, 1, 1),±(1, 1,−1, 1),±(−1, 1, 1, 1),±(1,−1, 1,−1)}.
Clearly, {(1, 1, 1, 1), (1, 1,−1, 1), (−1, 1, 1, 1), (1,−1, 1,−1)} is linearly dependent.
Therefore, the order of smoothness of T cannot be obtained from Theorem 3.2 or
[9, Th. 2.2]. Observe that, MT ∩ Ext(BX) ⊆ span {±(1, 1,−1, 1),±(−1, 1, 1, 1),
±(1,−1, 1,−1)}, where {(1, 1,−1, 1), (−1, 1, 1, 1), (1,−1, 1,−1)} is linearly indepen-
dent. Moreover, T (1, 1,−1, 1), T (−1, 1, 1, 1), T (1,−1, 1,−1) are 2−smooth. There-
fore, using Theorem 3.6 we get, T is 6−smooth.
We now turn our attention to the study of k−smoothness of operators in the
setting of special Banach spaces. We characterize the k−smoothness of an operator
defined from a finite-dimensional Banach space to ℓn∞, (n ∈ N). To do so we need
[9, Cor.2.3] and the following proposition which gives a nice relation between the
order of smoothness of an operator and its adjoint.
Proposition 3.8. Let X,Y be finite-dimensional Banach spaces. Let T ∈ SL(X,Y).
Then T is k−smooth if and only if T ∗ is k−smooth.
Proof. We first show that Ext J(T ) = Ext J(T ∗). Let y∗ ⊗ x ∈ Ext J(T ). Then
x ∈MT ∩ Ext(BX) and y∗ ∈ Ext J(Tx). Now,
y∗ ⊗ x(T ) = 1⇒ y∗(Tx) = 1⇒ x(T ∗y∗) = 1⇒ ‖T ∗y∗‖ = 1.
Thus, y∗ ∈ MT∗ and x ∈ J(T ∗y∗). Moreover, x ∈ Ext(BX) and Ext J(Tx) ⊆
Ext(BY∗). Therefore, x ∈ Ext J(T
∗y∗) and y∗ ∈ MT∗ ∩ Ext(BY∗) and so y
∗ ⊗
x ∈ Ext J(T ∗). Hence, Ext J(T ) ⊆ Ext J(T ∗). Now, replacing T by T ∗, we get
Ext J(T ∗) ⊆ Ext J(T ). Thus, ExtJ(T ) = Ext J(T ∗), i.e., dim span Ext J(T ) =
dim span Ext J(T ∗). Therefore, T is k−smooth if and only if T ∗ is k−smooth. 
Corollary 3.9. Let X be a finite-dimensional Banach space. Let T ∈ SL(X,ℓn
∞
).
Then T is k−smooth if and only if MT∗ ∩Ext(Bℓn
1
) = {±e1,±e2, . . .±er} for some
1 ≤ r ≤ n, T ∗ei is mi−smooth for each 1 ≤ i ≤ r and m1 +m2 + . . .+mr = k.
CHARACTERIZATION k−SMOOTHNESS OF OPERATORS 9
Proof. From Proposition 3.8, T is k−smooth if and only if T ∗ is k−smooth. Now,
T ∗ ∈ SL(ℓn
1
,X∗).Moreover, from [9, Cor. 2.3], we get that T
∗ is k−smooth if and only
if MT∗ ∩ Ext(Bℓn
1
) = {±e1,±e2, . . .± er} for some 1 ≤ r ≤ n, T ∗ei is mi−smooth
for each 1 ≤ i ≤ r and m1 +m2 + . . . +mr = k. This completes the proof of the
corollary. 
We next determine the order of smoothness of T ∈ L(ℓ3∞,Y), where Y is an
arbitrary two-dimensional Banach space, depending on |MT ∩ Ext(Bℓ3
∞
)|. Ob-
serve that if |MT ∩ Ext(Bℓ3
∞
)| ≤ 6, then the order of smoothness of T can be
obtained using Theorem 3.2. Therefore, we only consider the case for which
|MT ∩ Ext(Bℓ3
∞
)| = 8, i.e., MT ∩ Ext(Bℓ3
∞
) = {±x1,±x2,±x3,±x4}, where x1 =
(1, 1, 1), x2 = (−1, 1, 1), x3 = (−1,−1, 1), x4 = (1,−1, 1). Note that, for each
1 ≤ i ≤ 4, T xi is either smooth or 2−smooth.
Theorem 3.10. Let X = ℓ3∞ and Y be two-dimensional Banach space. Let T ∈
SL(X,Y) be such that MT ∩ Ext(BX) = {±x1,±x2,±x3,±x4}. Suppose S1 = {xi :
1 ≤ i ≤ 4, T xi is smooth}. Then the following hold:
(I) Let |S1| = 4.
(a) If either Rank(T ) = 1 or for each i, j(1 ≤ i 6= j ≤ 4) either Txi, T xj or
Txi,−Txj belong to the same straight line contained in SY, then T is 3−smooth.
(b) Otherwise, T is 4−smooth.
(II) If |S1| = 3, then T is 4−smooth.
(III) If |S1| = 2, then T is 5−smooth.
(IV) If |S1| < 2, then S1 = ∅ and T is 6−smooth.
Proof. Clearly, T is k−smooth for 1 ≤ k ≤ 6, since dim(X) = 3 and dim(Y) = 2.
(I) Let |S1| = 4. Then Txi is smooth for 1 ≤ i ≤ 4.
(a) If the given condition is satisfied, then it is clear that there exists y∗ ∈ SY∗
such that for all i(1 ≤ i ≤ 4), J(Txi) = {y∗} or {−y∗}. Now, if T is k−smooth,
then
k = dim span J(T )
= dim span Ext J(T )
= dim span {y∗ ⊗ x1, y
∗ ⊗ x2, y
∗ ⊗ x3, y
∗ ⊗ x4}
= dim span {y∗ ⊗ x1, y
∗ ⊗ x2, y
∗ ⊗ x3}
= 3, (by Lemma 3.1).
Hence, T is 3−smooth.
(b) Suppose the condition (a) is not satisfied. Thus, there exist 1 ≤ i, j ≤ 4
such that Txi 6= ±Txj and neither Txi, T xj nor Txi,−Txj belong to the same
straight line contained in SY. Without loss of generality, we assume i = 1, j = 2.
Let J(Txi) = {y∗i }, (1 ≤ i ≤ 4). Then it is easy to observe that {y
∗
1 , y
∗
2} is linearly
independent. Let y∗3 = ay
∗
1 + by
∗
2 and y
∗
4 = cy
∗
1 + dy
∗
2 , where a, b, c, d ∈ R. Since
‖y∗3‖ = 1, a and b cannot be zero simultaneously. Similarly, c and d cannot be zero
simultaneously. Now, if T is k−smooth, then
k = dim span J(T )
= dim span Ext J(T )
= dim span {y∗1 ⊗ x1, y
∗
2 ⊗ x2, y
∗
3 ⊗ x3, y
∗
4 ⊗ x4}.
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We show that {y∗1 ⊗ x1, y
∗
2 ⊗ x2, y
∗
3 ⊗ x3, y
∗
4 ⊗ x4} is linearly independent. Let
ci(1 ≤ i ≤ 4) ∈ R be such that
c1y
∗
1 ⊗ x1 + c2y
∗
2 ⊗ x2 + c3y
∗
3 ⊗ x3 + c4y
∗
4 ⊗ x4 = 0.
Then
c1y
∗
1 ⊗ x1 + c2y
∗
2 ⊗ x2 + c3(ay
∗
1 + by
∗
2)⊗ x3 + c4(cy
∗
1 + dy
∗
2)⊗ (x1 − x2 + x3) = 0.
⇒ (c1 + c4c)y∗1 ⊗ x1 + (c2 − c4d)y
∗
2 ⊗ x2 + (c3a+ c4c)y
∗
1 ⊗ x3 + (c3b+ c4d)y
∗
2 ⊗ x3 −
c4cy
∗
1 ⊗ x2 + c4dy
∗
2 ⊗ x1 = 0.
Since {x1, x2, x3} is linearly independent subset of X and {y∗1 , y
∗
2} is linearly inde-
pendent subset of Y∗, from Lemma 3.1, we get that {y∗1 ⊗ x1, y
∗
2 ⊗ x1, y
∗
1 ⊗ x2, y
∗
2 ⊗
x2, y
∗
1 ⊗ x3, y
∗
2 ⊗ x3} is linearly independent subset of L(X,Y)
∗. Therefore,
c1 + c4c = 0, c2 − c4d = 0, c3a+ c4c = 0, c3b+ c4d = 0, c4c = 0, c4d = 0.
Now, solving these equations, we obtain ci = 0 for all 1 ≤ i ≤ 4. Hence, {y∗1 ⊗
x1, y
∗
2⊗x2, y
∗
3⊗x3, y
∗
4⊗x4} is linearly independent. Thus, k = 4 and T is 4−smooth.
(II)Without loss of generality, assume that S1 = {x2, x3, x4}, i.e., Tx2, T x3, T x4
are smooth points of SY and Tx1 is 2−smooth point of SY. Clearly, Rank(T ) = 2.
Now, by [10, Lemma 2.11], T (BX) is a polygon with 4 extreme points. Since Tx1
is a 2−smooth point of SY, by [7, Th. 4.1], ±Tx1 must be two extreme points of
BY. Since ‖T ‖ = 1, T (BX) ⊆ BY, i.e., Ext(BY)∩T (BX) ⊆ Ext(T (BX)). Therefore,
±Tx1 ∈ Ext(T (BX)). Suppose that the other two extreme points of the poly-
gon T (BX) are ±Tx2. Then L[Tx2,−Tx1] is an edge of the polygon T (BX). Now,
L[x2,−x1] ∩ L[x3,−x4] = {(−1, 0, 0)}. Therefore, T (−1, 0, 0) ∈ L[Tx2,−Tx1] ∩
L[Tx3,−Tx4]. This implies that Tx3,−Tx4 ∈ L[Tx2,−Tx1]. Since Tx3, T x4 are
smooth points and Tx1 is 2−smooth point, Tx3 6= −Tx1 and −Tx4 6= −Tx1.
Now, Rank(T ) = 2 implies that either Tx3 6= Tx2 or −Tx4 6= Tx2. Without loss
of generality, let us assume that Tx3 6= Tx2. Then Tx3 ∈ L(Tx2,−Tx1). Since
‖Tx3‖ = 1, L[Tx2,−Tx1] ⊆ SY. Now, let J(Tx3) = {y∗}. Then it is easy to see
that J(Tx2) = {y∗} and J(Tx4) = {−y∗}. Since Tx1 is 2−smooth, it is clear that
Ext J(Tx1) = {y∗1 , y
∗
2}, where {y
∗
1 , y
∗
2} is a linearly independent subset of Y
∗. Let
y∗ = ay∗1 + by
∗
2 . Now, if T is k−smooth, then
k = dim span J(T )
= dim span Ext J(T )
= dim span {y∗1 ⊗ x1, y
∗
2 ⊗ x1, y
∗ ⊗ x2, y
∗ ⊗ x3, y
∗ ⊗ x4}
= dim span {y∗1 ⊗ x1, y
∗
2 ⊗ x1, y
∗ ⊗ x2, y
∗ ⊗ x3}.
Now, using Lemma 3.1 it can be observed that {y∗1 ⊗ x1, y
∗
2 ⊗ x1, y
∗ ⊗ x2, y∗ ⊗ x3}
is a linearly independent subset of L(X,Y)∗. Hence, k = 4 and T is 4−smooth.
(III) Without loss of generality, we assume S1 = {x3, x4}. Then ±Tx3,±Tx4
are smooth points of SY and ±Tx1,±Tx2 are 2−smooth points of SY. Clearly,
Rank(T ) = 2. By [7, Th. 4.1], ±Tx1,±Tx2 ∈ Ext(BY). Since ‖T ‖ = 1, T (BX) ⊆
BY. This gives that Ext(BY)∩T (BX) ⊆ Ext(T (BX)). Thus, we get, ±Tx1,±Tx2 ∈
Ext(T (BX)). If possible, suppose that Tx1 = −Tx2. Then x4 = x1−x2+x3 implies
that Tx1 =
Tx4−Tx3
2 . Since Tx1 ∈ Ext(BY), we must have Tx1 = Tx4 = −Tx3.
Thus, Rank(T ) = 1, a contradiction. Therefore, Tx1 6= −Tx2. First assume that
Tx1 = Tx2. Then from x4 = x1 − x2 + x3, we get Tx3 = Tx4. Let J(Tx3) =
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J(Tx4) = {y∗} and Ext J(Tx1) = Ext J(Tx2) = {y∗1 , y
∗
2}. Then it is easy to
see that T is 5−smooth. Now, assume that Tx1 6= Tx2. Then ±Tx1,±Tx2 are
4 distinct extreme points of the polygon T (BX) and L[Tx2,−Tx1] is an edge of
T (BX). Now, as in (II), it can be shown that Tx3,−Tx4 ∈ L[Tx2,−Tx1]. Since
Tx3,−Tx4 are smooth points, Tx3,−Tx4 ∈ L(Tx2,−Tx1). From ‖Tx3‖ = 1, we
can show that L[Tx2,−Tx1] ⊆ SY. Let J(Tx4) = {y∗}. Then J(Tx3) = {−y∗}. Let
Ext J(Tx1) = {y∗1 , y
∗
2} and Ext J(Tx2) = {y
∗
3 , y
∗
4}. Clearly, {y
∗
1 , y
∗
2} and {y
∗
3 , y
∗
4}
are linearly independent. Now, if T is k−smooth, then
k = dim span J(T )
= dim span Ext J(T )
= dim span {y∗1 ⊗ x1, y
∗
2 ⊗ x1, y
∗
3 ⊗ x2, y
∗
4 ⊗ x2, y
∗ ⊗ x3, y
∗ ⊗ x4}
= dim span {y∗1 ⊗ x1, y
∗
2 ⊗ x1, y
∗
3 ⊗ x2, y
∗
4 ⊗ x2, y
∗ ⊗ x3}
= dim span {y∗1 ⊗ x1, y
∗
2 ⊗ x1, y
∗
1 ⊗ x2, y
∗
2 ⊗ x2, y
∗ ⊗ x3}
= 5, by simple calculation.
Hence, T is 5−smooth.
(IV) Since |S1| < 2, at least 3 points of Txi, 1 ≤ i ≤ 4 are 2−smooth. Without
loss of generality, suppose that Tx1, T x2, T x3 are 2−smooth. If Rank(T ) = 1, then
it is easy to see that Tx4 is 2−smooth. Suppose Rank(T ) = 2. Then by [10,
Lemma 2.11], T (BX) is a polygon with 4 extreme points. First let Ext (T (BX)) =
{±Tx1,±Tx2}. Then using similar arguments as in (III) we can show that Tx3,
−Tx4 ∈ L[Tx2,−Tx1]. Since Tx3 is 2−smooth, we must have either Tx3 = Tx2 or
Tx3 = −Tx1. If Tx3 = Tx2, then from x4 = x1 − x2 + x3, we get Tx4 = Tx1. If
Tx3 = −Tx1, then similarly, we get Tx4 = −Tx2. In each case, Tx4 is 2−smooth.
Similarly, considering other cases, we can conclude that if |S1| < 2, then Txi are
2−smooth for all 1 ≤ i ≤ 4, i.e., S1 = ∅. Using Theorem 3.6, we can now say that
T is 6−smooth. This completes the proof of the theorem. 
In Theorem 3.10, if we further assume that Y is a two-dimensional strictly convex,
smooth Banach space, then we obtain the following corollary.
Corollary 3.11. Let X = ℓ3∞ and Y be a two-dimensional strictly convex, smooth
Banach space. Let T ∈ SL(X,Y) and MT ∩ Ext(BX) = {±x1,±x2,±x3,±x4}. Then
the following hold:
(i) If Rank(T ) = 1 then T is 3−smooth.
(ii) If Rank(T ) = 2, then T is 4−smooth.
Proof. Observe that, since Y is strictly convex, SY does not contain non-trivial
straight line segment. Now, since Y is smooth, Txi is smooth for all 1 ≤ i ≤ 4.
Thus, the corollary follows from case (I) of Theorem 3.10. 
As an immediate application of Theorem 3.10, we can characterize the extreme
contractions defined from ℓ3∞ to arbitrary two-dimensional polygonal Banach space.
Theorem 3.12. Let X = ℓ3∞ and Y be a two-dimensional polygonal Banach space.
Let T ∈ SL(X,Y). Then T is an extreme contraction if and only if |MT∩Ext(BX)| ≥ 6
and T (MT ∩ Ext(BX)) ⊆ Ext(BY).
Proof. First let T be an extreme contraction. Then by [10, Th. 2.2], T is 6−smooth.
From [14, Th. 2.2], we get span(MT ∩Ext(BX)) = X, i.e., |MT ∩Ext(BX)| ≥ 6. Let
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|MT ∩ Ext(BX)| = 6. Then MT ∩ Ext(BX) is of the form {±x1,±x2,±x3}, where
{x1, x2, x3} is linearly independent. Now, from Theorem 3.2 it is clear that Txi is
2−smooth for each 1 ≤ i ≤ 3. Therefore, by [7, Th. 4.1], Txi ∈ Ext(BY) for all
1 ≤ i ≤ 3. Now, suppose that |MT ∩ Ext(BX)| = 8. Then from Theorem 3.10, we
can conclude that for all x ∈MT ∩Ext(BX), T x is 2−smooth, i.e., Tx ∈ Ext(BY).
Conversely, suppose that |MT ∩ Ext(BX)| ≥ 6 and T (MT ∩ Ext(BX)) ⊆ Ext(BY).
If |MT ∩ Ext(BX)| = 6, then from Theorem 3.2, we get, T is 6−smooth. Hence,
by [10, Th. 2.2], T is an extreme contraction. If |MT ∩ Ext(BX)| = 8, then from
Theorem 3.10, we get T is 6−smooth. Thus, again by [10, Th. 2.2], T is an extreme
contraction. This completes the proof of the theorem. 
We end this article with the following question:
Question 1. Suppose X and Y are Banach spaces and T ∈ SL(X,Y), then what
are the necessary and sufficient conditions for T to be multi-smooth point of finite
order? One can consider the case X = ℓn∞,Y = ℓ
n
1 , (n ≥ 3). There are many more
cases where the question is still unanswered.
References
1. G. Birkhoff, Orthogonality in linear metric spaces, Duke Math. J., 1 (1935) 169-172.
2. K. C. Das, S. Majumdar and B. Sims, Restricted numerical range and weak convergence on
the boundary of the numerical range, J. Math. Phy. Sci., 21 (1987) no. 1, 35-42.
3. A. S. Hamarsheh, k−smooth points in some Banach spaces, International Journal of Mathe-
matics and Mathematical Sciences, Vol. 2015, Article ID 394282, 4 pages.
4. A. S. Hamarsheh, Multismoothness in L1(µ,X), International Mathematical Forum, 9 (2014)
no. 33, 1621-1624.
5. P. Harmand, D. Werner and W. Werner, M-Ideals in Banach Spaces and Banach Algebras,
Lecture Notes in Mathematics, 1547 (1993), Springer-Verlag, Berlin, viii+387 pp.
6. R. C. James, Orthogonality and linear functionals in normed linear spaces, Trans. Amer.
Math. Soc., 61 (1947) 265-292.
7. R. Khalil and A. Saleh, Multi-smooth points of finite order, Missouri J. Math. Sci., 17 (2005)
76-87.
8. B. -L. Lin and T. S. S. R. K. Rao, Multismoothness in Banach spaces, Int. J. Math. Math.
Sci., Vol. 2007, Article ID 52382, 12 pages, 2007.
9. A. Mal and K. Paul, Characterization of k−smooth operators between Banach spaces, Linear
Algebra Appl., 586 (2020) 296-307.
10. A. Mal, K. Paul and S. Dey, Characterization of extreme contractions through k−smoothness
of operators, arXiv:2006.15318v1 [math.FA] 27 Jun 2020.
11. A. Mal, K. Paul, T. S. S. R. K. Rao and D. Sain, Approximate BirkhoffJames orthogonality
and smoothness in the space of bounded linear operators, Monatsh Math, 190 (2019) 549-558.
DOI: 10.1007/s00605-019-01289-3.
12. K. Paul, D. Sain and P. Ghosh, Birkhoff-James orthogonality and smoothness of bounded
linear operators, Linear Algebra Appl., 506 (2016) 551-563.
13. D. Sain and K. Paul, Operator norm attainment and inner product spaces, Linear Algebra
Appl., 439 (2013) 2448-2452.
14. D. Sain, A. Ray and K. Paul, Extreme contractions on finite-dimensional polygonal Banach
spaces, J. Convex Anal., 26 (2019) no. 3, 877-885.
15. I. Singer, Best approximation in normed linear spaces by elements of linear subspaces,
Grundlehren Math. Wiss., vol.171, Springer-Verlag, Berlin, Heidelberg, New York, 1970.
16. P. Wo´jcik, k-smoothness: an answer to an open problem, Math. Scand., 123 (1) (2018) 85-90.
17. P. Wo´jcik, Birkhoff Orthogonality in classical M-ideals, J. Aust. Math. Soc., 103 (2017) no.
2, 279-288.
(Mal) Department of Mathematics, Jadavpur University, Kolkata 700032, West Ben-
gal, INDIA
E-mail address: arpitamalju@gmail.com
CHARACTERIZATION k−SMOOTHNESS OF OPERATORS 13
(Dey) Department of Mathematics, Muralidhar Girls’ College, Kolkata 700029, West
Bengal, INDIA
E-mail address: subhrajitdeyjumath@gmail.com
(Paul) Department of Mathematics, Jadavpur University, Kolkata 700032, West Ben-
gal, INDIA
E-mail address: kalloldada@gmail.com
